We confirm the recent claims that, in the infrared limit of Hořava-Lifshitz gravity, the scalar graviton becomes a ghost if the sound speed squared is positive on the flat de Sitter and Minkowski background. In order to avoid the ghost and tame the instability, the sound speed squared should be negative and very small, which means that the flow parameter λ should be very close to its General Relativity (GR) value. We calculate the cubic interactions for the scalar graviton which are shown to have a similar structure with those of the curvature perturbation in k-inflation models. The higher order interactions become increasing important for a smaller sound speed squared, that is, when the theory approaches GR. This invalidates any linearized analysis and any predictability is lost in this limit as quantum corrections are not controllable. This pathological behaviour of the scalar graviton casts doubt on the validity of the projectable version of the theory.
I. INTRODUCTION
There is a growing interest in a theory proposed by Hořava as an ultraviolet (UV) renormalizable gravity theory [1] . This is inspired by the Lifshitz theory in solid state physics and is often called Hořava-Lifshitz gravity. The essential ingredient of the theory is the breaking of Lorentz invariance. This is achieved by assuming the existence of a preferred foliation by 3-dimensional time-constant hypersurfaces which separates space and time. Then the action that contains higher spatial derivatives of the metric is introduced, which improves the UV behaviour of the graviton propagator. In this theory, general covariance is broken but it is still invariant under the foliation-preserving diffeomorphism, x i →x i (t, x i ), t →t(t). We consider the Arnowitt-Deser-Misner decomposition of space-time [2] 
Here the lapse N represents the gauge degree of freedom associated with the space independent time reparametrisation t →t(t). Thus the lapse function N is restricted to be a function of time N = N (t). This is called the projectability condition and this is the key property of the theory. We should note that the theory without the projectability condition has also been studied but it was shown to have theoretical inconsistences [3] [4] [5] . The action is given by
where λ is the flow parameter which is supposed to become one in the infrared (IR) limit, (3) R is the three dimensional Ricci scalar, Λ is the cosmological constant and the extrinsic curvature is defined as
where a dot indicates a derivative with respect to time and K = γ ij K ij . From now on, we set the Planck scale M pl = 1. The potential term L V contains higher-order spatial derivatives which are important in the UV limit to ensure the power-counting renormalizability of the theory but it can be neglected in the IR limit.
In the IR limit, the theory is supposed to flow into General Relativity (GR), λ → 1. However, due to the projectability condition, there is a crucial difference between this theory and GR. Since the general covariance is broken, a new scalar degree of freedom in the graviton inevitable arises [1, 6, 7] . Recently, it has been pointed out that this scalar mode shows a pathological behaviour [1, 4, 6, 8] . The aim of this paper is to clarify the issue of the scalar graviton in the projectable version of the Hořava-Lifshitz gravity on the Minkowski and de Sitter backgrounds. This paper is organized as follows. In section II, we use the Hamiltonian formulation and identify the scalar graviton in the Minkowski background spacetime. We confirm the finding of Hořava [1, 6] (see also Blas et al. [4] and Sotiriou et al. [9] ) that the scalar graviton is a ghost if the sound speed squared is positive. In order to make the scalar graviton healthy, the sound speed squared must be negative and it is inevitably unstable. Thus the sound speed squared should be close to zero, which means λ → 1. In section III, we derive the cubic order interactions for the scalar graviton using the approach pioneered by Maldacena [10] . We show that in the small sound speed limit, which is necessary to avoid the instability, the cubic interactions are important at very low energies. This invalidates any linearized analysis and any predictability is lost due to unsuppressed loop corrections. Section IV is devoted to discussions.
II. SCALAR GRAVITON IN THE HAMILTONIAN FORMULATION
In order to identify the scalar graviton in the IR limit of the Hořava-Lifshitz gravity, it is useful to use the Hamiltonian formulation. In this section, we consider perturbations around the Minkowski spacetime to make the derivation as simple as possible to capture the basic picture. We should mention that this analysis was done already in Ref. [8] (see also [11] ) but it is instructive to repeat their analysis using the Hamiltonian formulation to understand the origin of the scalar graviton. We perturbed the metric as
where k −2 is the inverse of k 2 ≡ −∂ 2 . Then the second order Lagrangian is obtained as [8] 
In order to extract the dynamical degrees of freedom, it is transparent to use the Hamiltonian formulation. We closely follow the approach developed in Ref. [12] . The conjugate momenta are obtained as
Then the Lagrangian can be rewritten as
where
and
In GR, C α and C β are both constraints and they imply k 2 ζ = 0 and π χ = 0, then H = 0 as λ = 1. Thus there is no dynamical degree of freedom left in the scalar sector. Of course, this is because there is no scalar graviton in GR thanks to general covariance. However, unlike in GR, C α is not a constraint in this theory. Since α(t) does not depend on spatial coordinates, the action that is proportional to α(t) is given by
This reduces to a surface term and we get no constraint. On the other hand C β = 0 still holds and this comes from the residual 3-dimensional diffeomorphisms. Using this constraint, the Lagrangian is reduced to
is the sound speed squared. We should note that the λ = 1 case looks already pathological as π ζ does not appear in the quadratic Hamiltonian. This result agrees with the one obtained by the Stückelberg approach where it is argued that the lack of π ζ in the quadratic Hamiltonian would indicate that quantum fluctuations of π ζ are unsuppressed and any interactions containing π ζ would blow up [4] . A pathology with λ = 1 was also found in a different context in Ref. [13] . In the following we assume λ = 1. We discuss the λ = 1 case in Appendix A. Using the Hamilton's equationζ
we can write down the Lagrangian in terms ofζ as
Then the equation of motion for the scalar graviton is obtained as
This result agrees with Ref. [14] . Then the second order action can be written as
We immediately notice that the action has a wrong over-all sign. In order not to have an instability, c 2 ζ > 0, then the coefficient in front of the time kinetic term becomes negative and the scalar mode becomes a ghost. This is clearly seen from the Hamiltonian (13). For 1/3 < λ < 1, c 2 ζ > 0 but then the Hamiltonian is negative definite [9, 15] . Note that the sign of the time derivative term agrees with Hořava's original calculation (see Eq. (4.56) of [6] ). When ζ is not a ghost, then it is unstable because c 2 ζ < 0. In this case, we need to take into account the higher derivative terms to address the fate of the instability, but this means that the time scale of the instability is at least 1/|c ζ |M , where M is the UV scale where the higher derivative terms become important. In order not to have the instability within the age of Universe for example, one needs |c ζ | ∼ H 0 /M . Thus we should make λ very close to one or the UV scale of the theory very low. This is the finding of Ref. [8] . It is known that if the sound speed squared is small, the higher order interactions become increasingly important. This was also pointed out by Ref. [8] , but in the next section, we explicitly calculate the cubic interactions of the scalar graviton to confirm this claim.
III. CUBIC INTERACTIONS
Although the Hamiltonian formulation gives a transparent way of identifying the scalar graviton, there is an easier way to derive the higher order interactions. It is the approach pioneered by Maldacena [10] , which is now a common tool to derive higher order actions for inflaton perturbations. In this section, we consider the de Sitter background by introducing a cosmological constant but we do not include matter. The dynamical equation for the scale factor is given by
This admits the solution
where ρ 0 is an integration constant . In GR, the Hamiltonian constraint implies ρ 0 = 0, but in the projectable version of the theory, the Hamiltonian constraint is replaced by a global constraint
Thus we do not necessarily have to choose ρ 0 = 0 in our Universe [16] . This is an interesting possibility but in the following, we set ρ 0 = 0 and consider the de Sitter and Minkowski background spacetimes. We again start from the general action:
where we neglected the higher-derivative terms. The momentum constraint is given by
By using the three dimensional diffeomorphism and the time reparametrisation invariance, we are allowed to use the following gauge
At the leading order, the momentum constraint is solved as
Note that if λ = 1, the momentum constraint impliesζ = 0 and we cannot determine β. This agrees with the result obtained in the Hamiltonian formalism Eq. (15) . We treat the λ = 1 case separately in Appendix A and we assume λ = 1 in the following analysis. Using an expression for the three dimensional Ricci scalar curvature,
we can easily obtain the second order action for ζ as
In the same way, we can calculate the third order action
In Appendix B, we compare these results with those in k-inflation models and it is found that these actions have remarkable similarities to those for the curvature perturbation in k-inflation models with arbitrary sound speed. In k-inflation models, it is known that higher-order interactions are increasingly important in a small sound speed limit [17, 18] . Thus we expect that we have the same problem in this model. Now we are in a position to discuss the strong coupling problem. By restoring the Planck scale and using the canonically normalized variable ζ c = M pl c −1/2 ζ ζ, we find that the cubic interactions written by β are suppressed only by M pl c 3/2 ζ compared with the quadratic action. Then in the c ζ → 0 limit, these cubic interactions blow up. In fact, in this limit the quantum gravity scale would be effectively zero. This agrees with the finding in Ref. [4] . The origin of this pathology is the projectable condition. In the λ → 1 limit, the momentum constraint givesζ = 0. In GR, there is also a Hamiltonian constraint and this implies ∂ 2 ζ = 0. Then ζ is not a dynamical variable. In this case, it is easy to see that the cubic interactions written by β disappear as one can perform an integration by parts. The crucial consequence of the projectability condition is to abandon the (local) Hamiltonian constraint. Then ζ becomes a dynamical degree of freedom, the cubic interactions given by β do not disappear and these interactions blow up in the c ζ → 0 limit.
In order to see this fact clearly, we apply again the Hamiltonian formulation to Eq. (27). The conjugate momentum is obtained as
We find that the solution for β from the moment constraint, Eq. (25), is written as
Using the conjugate momentum, the actions can be written as
In Appendix A, we show that these formulae can be applied to both c ζ = 0 and c ζ = 0 cases. Then we can see the problem from the fact that the momentum π ζ disappears in the c ζ → 0 limit in the quadratic Hamiltonian but the cubic interactions contain π ζ . This means that the quantum fluctuations of π ζ are unsuppressed and the cubic interactions blow up. This result agrees with the finding in Ref. [4] using the Stückelberg approach though a precise comparison needs to be done.
IV. CONCLUSIONS
In this paper, we derived the quadratic and cubic order actions for the scalar graviton in the IR limit of the projectable version of the Hořava-Lifshitz gravity. Our findings are fully consistent with Ref. [4, 8] . Firstly, the scalar graviton becomes a ghost if the sound speed squared c 2 ζ is positive on the flat de Sitter and Minkowski background. In order to avoid the ghost and tame the instability, the sound speed squared should be negative and very small, which means that the flow parameter λ should be very close to its GR value. Secondly, in the c 2 ζ → 0 limit, the cubic interaction terms become increasingly important. In terms of the canonically normalized variable, the cubic interaction terms are suppressed only by M pl c 3/2 ζ . Thus the quantum gravity scale becomes effectively zero in the c ζ → 0 limit. This invalidates any linearized analysis and any predictability is lost in this limit as quantum corrections are uncontrollable. Using the Hamiltonian formulation and writing down the actions in terms of the dynamical variable ζ and its conjugate momentum π ζ , the actions for the scalar graviton can be written in an unified way for c ζ = 0 and c ζ = 0 cases. The origin of the problem is that the momentum π ζ disappears in the quadratic Hamiltonian in the c ζ → 0 limit and the quantum fluctuations of π ζ are unsuppressed. The cubic interactions contain π ζ and then they blow up in this limit. In principle, we can continue our analysis and study higher-order interactions. At the fourth order, the scalar perturbations couple to vector and tensor perturbations and the calculations become very complicated (see Ref. [19] for the k-inflation case). We leave this analysis for future work.
Our results cast doubt on the projectable version of Hořava-Lifshitz gravity because one loses predictability when the theory is supposed to approach GR in the IR limit due to uncontrollable quantum corrections. We should emphasize that these problems have nothing to do with the potential terms which are crucial to achieve the renormalizability of the theory in the UV limit. General forms of this potential term was proposed in Ref. [20] and their linear perturbations in terms of ζ were calculated in Ref. [14] . These potential terms are given by the three dimensional Ricci tensor and thus they contain only spatial derivatives of ζ. The problem found in Refs. [4, 8] and in this paper comes from the kinetic terms that contain time derivatives of ζ. Thus the potential terms cannot cure the problem. It is interesting to find a cure to this problem along the lines of the recent proposal in [8] in the non-projectable version of the theory. Note that we did not consider the coupling to matter in our analysis (see for example Refs. [21, 22] for cosmological perturbation analysis in the projectable version of the theory). It is straightforward to include an additional scalar field in our analysis and it would be interesting to study its consequences once the pathology of the scalar graviton is cured.
Note added: While we were preparing this paper, Ref. [23] appeared in the arXiv and it also confirmed the existence of the ghost for 1/3 < λ < 1 but claimed that there is no strong coupling problem. However, their argument is solely based on the fact that, in the c ζ → 0 limit, the time kinetic term in the quadratic action diverges due to the factor 1/c 2 ζ . However, in order to see wether there is a strong coupling problem or not, one should look at interactions. where
ǫ = −Ḣ/H and Σ andλ are determined by the kinetic term of the scalar field whose detailed form is not important here. We find that these actions agree with our Eqs. (27) and (28) if we take c s → 0, ǫ = −1 andζ/H = 0. The last condition is natural for a small sound speed asζ ∝ c s kζ. This also implies that ξ is dominant in the solution for β and this again agrees with Eq. (25). Note that in the k-inflation case, the action contains terms which have only one time derivative and we can perform a lot of integrations by parts to simplify the action. However, in our case, there is no term which has only one time derivative and we cannot reduce the action further. The similarity between the two models is interesting and it deserve further investigations.
